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We consider a single atom laser (microlaser) operating on three-level atoms interacting with a two-
mode cavity. The quantum statistical properties of the cavity field at steady state are investigated
by the quantum trajectory method which is a Monte Carlo simulation applied to open quantum
systems. It is found that a steady state solution exists even when the detailed balance condition is
not guaranteed. The differences between a single mode microlaser and a two-mode microlaser are
highlighted. The second-order correlation function g(2)(τ) of a single mode is studied and special
attention is paid to the one-photon trapping state, for which a simple formula is derived for its
correlation function. We show the effects of the velocity spread of the atoms used to pump the
microlaser cavity on the second-order correlation function, trapping states, and phase transitions of
the cavity field.
PACS numbers: 42.50.Pq, 42.50.Ar, 42.50.Lc
I. INTRODUCTION
The single atom laser (microlaser) has been used suc-
cessfully in the last decade for studying the quantum na-
ture of the atom-field interaction in the optical wave-
length regime [1–5]. Following the same principles of the
single atom maser (micromaser), the microlaser operates
by pumping a high finesse optical cavity by a low-density
beam of excited resonant atoms. Due to the coherent na-
ture of the interaction between the atoms and the cavity
field, some properties that are statistically averaged out
in the conventional laser are evident in the microlaser [6].
As a platform to investigate other unusual features of the
laser operation such as multiple threshold operation [4],
the microlaser has become one of the most fundamental
systems in quantum optics [5].
Novel features of the non-classical state of radiation
in the microlaser cavity and the emitted beam of pho-
tons such as sub-poissonian photon statistics and anti-
bunching have been recorded [3, 4]. An important tool
to investigate these non-classical properties of the emit-
ted and stored radiation is the second-order correlation
function g(2)(τ).
Our main focus in the current work is to study
the statistical properties, including the second-order
correlation function, of the cavity field of an interesting
type of microlaser that utilizes bi-modal cavities pumped
by multi-level atoms.
Bimodal atom-field interaction has received consid-
erable interest in atomic physics and quantum optics
[7]. A two-mode microlaser has indeed shown theoretical
promise for the novel feature of lasing without popula-
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tion inversion [8]. In this last reference, Kien et. al. have
analyzed a bimodal laser pumped by three-level atoms
in Λ-configuration analytically. In this study, we use the
quantum trajectory method [9–12] to analyze a similar
two-mode microlaser operated by pumping a doubly res-
onant optical cavity by excited atoms in Λ-configuration
characterized by two lasing transitions and strongly cou-
pled to the cavity. The atoms interact resonantly with
the two independent modes of the cavity that compete
for the gain contribution [8]. In practice, the atoms are
produced by an oven and the velocities of the atoms obey
a thermal velocity distribution. The atoms then are al-
lowed to pass through a velocity selector to unify the
speeds of the atoms and consequently their interaction
times with the cavity. Since the efficiency of the velocity
selector is not perfect, atoms passing through the cavity
still have a slight velocity variation. Contrary to the work
in [8], we consider that the operation is in the strong cou-
pling regime and that atoms are injected in their upper
state with different velocities. Including the variations
of the atoms’ velocities in the full analytical treatment of
the microlaser is a difficult task [3]. In this paper, we uti-
lize the full power of the quantum trajectory method to
include the variation of the atoms’ velocities and investi-
gate its effects on the statistical properties of the cavity
field and specifically its second-order correlation function
g(2)(τ).
We found that the correlation function of the mono-
velocity two-level and three-level atom microlaser that is
operated in a special state called the one photon trapping
state follows a simple exponential formula. Unlike the
single mode two-level atom microlaser, the two-mode
microlaser exhibits super-poissonian photon distribution
in most of the operating conditions. We explain the
origin of this difference in the text. We found also that
the second-order correlation is in general robust against
the velocity spread of the atoms when the microlaser is
operated far from the trapping states, and that some
residual correlation persists even at a wide velocity
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2spread of the atoms. The impact of the atomic velocity
spread on g(2)(τ) when the microlaser is operated
at different trapping states is also investigated. The
results of our study should be illuminating for exper-
iments conducted on this simple type of multimode laser.
The rest of this paper is organised as follows. In Sec. II
we review the theory of the two-mode microlaser and the
correlation function of the field inside the microlaser cav-
ity and elaborate on the interesting one-photon trapping
state. In Sec. III we introduce the quantum trajectory
method, apply it to the two-mode microlaser, and show
the results of calculating the correlation function g(2)(τ)
numerically and analytically. In Sec. IV, we show the
results of including the variation of the atoms’ velocities
in the numerical simulation and elucidate its effect on the
statistical properties of the microlaser field. We conclude
our work in Sec. V and present suggestions for further
investigations.
II. THEORY
A schematic diagram showing the energy levels of the
three-level atoms used to pump the bi-modal microlaser
cavity is shown in Fig. 1. In the most general case,
each mode has its own angular frequency ωα, coupling
strength with the atom gα, cavity decay rate γα, and
mean number of thermal photons nbαwhere α = 1, 2. Un-
like the micromaser, the mean number of thermal pho-
tons for a microlaser is typically zero; however, we in-
clude nb1, nb2 in the analytical part of this paper for
the sake of generality. All the atoms are excited to the
higher level |a〉 before they enter the cavity. Atoms are
statistically independent (have random arrival times) and
their dwelling time inside the cavity is much shorter than
the mean inter-atomic arrival times as well as the cavity
damping time so that field dissipation is neglected during
the atom-cavity interaction interval. The rate of atoms
injection is assumed to be small enough such that, at
most, only one atom exists inside the cavity [13]. There-
fore, the mean number of photons inside the cavity is
very small and nonlinear effects (e.g. coupling between
the two modes as in [5]) are negligible.
We assume that the detuning between the two mode
frequencies is large, compared to the atom-field coupling
strengths g1 and g2, so that each mode interacts only
with the respective atomic transition. Since the cavity is
subjected to incoherent field decay, we are going to use
density matrix formalism where the field is represented
by its density matrix ρ. The diagonal elements of the field
density matrix Pn1,n2 , which represent the joint probabil-
ity to find n1 photons in mode 1 and n2 photons in mode
2, constitute a two dimensional matrix. In what follows,
we summarize the procedure given in [14] to calculate the
steady state solution of Pn1,n2 . We are not interested in
the off-diagonal elements of the density matrix in the cur-
rent work. Changes to the density matrix are induced by
FIG. 1: A schematic diagram of the energy levels of a three
level atom in Λ-configuration.
two different and independent procedures, the atom field
interaction and the field dissipation from the cavity. The
change to the density matrix due to the interaction be-
tween the field and a single atom during the interaction
time τint is represented by the super-operator F (τ) de-
fined as ρ(ti + τint) = F (τint) ρ(ti). The change of the
density matrix due to the field dissipation is controlled
by the Liouvillian super-operator Lˆ0 given by [15]
ρ˙|dissipation = Lˆ0ρ = −1
2
γ1 (nb1 + 1)
[
a†1a1ρ+ ρa
†
1a1 − 2a1ρa†1
]
− 1
2
γ1nb1
[
a1a
†
1ρ+ ρa1a
†
1 − 2a†1ρa1
]
− 1
2
γ2 (nb2 + 1)
[
a†2a2ρ+ ρa
†
2a2 − 2a2ρa†2
]
− 1
2
γ2nb2
[
a2a
†
2ρ+ ρa2a
†
2 − 2a†2ρa2
]
, (1)
where (a†1, a1) and (a
†
2, a2) are the field operators of the
two modes, and nb1, nb2 are the mean number of thermal
photons in the first mode and second mode, respectively.
It can be shown [16] that under the aforementioned con-
ditions and for the random arrival of atoms, which is
a Poisson process, the master equation controlling the
change of the density matrix ρ is given by
ρ˙ = R [F (τint)− 1] ρ+ L0ρ, (2)
where R is the rate of the atoms injection. At steady
3state, we have
ρ˙ = 0, (3)
R [1− F (τint)] ρ = L0ρ, (4)
which simply means that, the change per unit time in
the field density matrix due to the atom field interaction
is exactly compensated by the change due to field dissi-
pation from the cavity. In other words, the net change
per unit time of the field density matrix is zero. In Ap-
pendix A, we show how F (τint) can be found by solving
the Schrodinger’s equation during the transit time [14].
The result of this procedure in terms of the diagonal el-
ement Pn,m is given by
Pn,m(τint) = Pn,m(0)cos
2 [λ (n,m) τint] + g
2
1nPn−1,m(0)
sin2 [λ (n− 1,m) τint]
λ2 (n− 1,m)
+ g22mPn,m−1(0)
sin2 [λ (n,m− 1) τint]
λ2 (n,m− 1) , (5)
where λ (n,m− 1) is defined in (A15).
The effect of spontaneous emission is usually neglected
in the analysis of cavity QED experiments operated in
the strong coupling regime [1, 4, 17, 18]. The reason for
this neglect is that during the transit time, the coherent
interaction between the atom and the cavity field is the
dominant interaction. It is shown in Appendix A that
when the coupling constant between the atom and cav-
ity field is much higher than the spontaneous decay rate
of the excited state of the atom Γa, i.e., g >> Γa, in ad-
dition to short transit times compared to the lifetime of
the excited level, Γaτint << 1, the effect of spontaneous
emission is indeed negligible.
By substituting F (τint) into (3) and (4) and rewriting
it in terms of the diagonal elements of the density matrix,
we get
P˙ (n1, n2) = 0 = R{− sin2 [λ(n1, n2)τint]P (n1, n2) + g21n1
sin2 [λ(n1 − 1, n2)τint]
λ2(n1 − 1, n2) P (n1 − 1, n2)
+g22n2
sin2 [λ(n1, n2 − 1)τint]
λ2(n1, n2 − 1) P (n1, n2 − 1)}+
γ2(nb2 + 1) [(n2 + 1)P (n1, n2 + 1)− n2P (n1, n2)] + γ2nb2 [n2P (n1, n2 − 1)− (n2 + 1)P (n1, n2)] +
γ1(nb1 + 1) [(n1 + 1)P (n1 + 1, n2)− n1P (n1, n2)] + γ1nb1 [n1P (n1 − 1, n2)− (n1 + 1)P (n1, n2)] . (6)
The previous equation contains the probability flow
terms between any two successive cavity field energy lev-
els as shown in Fig. 2.
Since the net probability flow from level (0,0) is zero
at steady state, we conclude that the sum of the proba-
bility flow terms A and B is zero. Under the symmetric
operation of the microlaser defined by
g1 = g2, γ1 = γ2, nb1 = nb2,
we can conclude that the probability flow bundles A
and B are equal, and hence each of them will be iden-
tically zero. This defines the detailed balance condition
which requires that transitions between any two states
take place with equal frequency in either direction at
equilibrium [19]. The equality of the coupling constants
between the atomic transitions and the non-degenerate
cavity modes can be realized experimentally by proper
selection of the volumes of the two modes supported by
two interlaced cavities, since the coupling constant is in-
versely proportional to the square root of the mode vol-
4(0,0)
(1,0)(0,1)
(2,0)(0,2)
(3,0)(2,1)(1,2)(0,3)
(1,1)
AB
FIG. 2: A schematic diagram of the lowest energy states of
the field inside a bi-modal cavity. The arrows represent the
probability flow between adjacent energy states. Each state
is denoted by the number of photons in the first and second
mode, respectively.
ume. This condition has been utilized in several studies
[8, 14, 20–23].
By induction, one can conclude that the three-term
probability flow between any two levels in (6) is zero and
we obtain [14]:
Rg2n1
sin2 [λ(n1 − 1, n2)τint]
λ2(n1 − 1, n2) P (n1 − 1, n2) = γ(nb + 1) [n1P (n1, n2)]− γnb [n1P (n1 − 1, n2)] , (7)
Rg2n2
sin2 [λ(n1, n2 − 1)τint]
λ2(n1, n2 − 1) P (n1, n2 − 1) = γ(nb + 1) [n2P (n1, n2)]− γnb [n2P (n1, n2 − 1)] , (8)
which can be solved together to get
P (n1, n2) = P (0, 0)
(
R
γ(nb + 1)
)n1+n2 n1+n2∏
k=1
(
γnb
R
+
1
k + 1
sin2
[
gτint
√
k + 1
])
, (9)
where P (0, 0) is obtained from the normalization
condition
∑
n1,n2
P (n1, n2) = 1. The probability of find-
ing n photons in one mode regardless of the number of
photons in the other mode, Pα(n) is given by
P1(n) =
∑
n2
P (n1, n2),
P2(n) =
∑
n1
P (n1, n2).
(10)
We can see easily that P1(n) = P2(n), which is a sig-
nature of the symmetric operation of the microlaser. In
Fig. 3 , we plot Pα (n) for nb = 0.1,
R
γ = 50 and gτint
= 0.8, 0.9 and 1. Note that for a realistic operation of
the microlaser, the mean number of thermal photons nb
is almost zero, but this would not affect the current dis-
cussion. Unlike the photon statistics of the single mode
microlaser, we notice in the probability distribution of
a single mode of the two-mode microlaser, Pα (n), the
existence of regions of exactly flat distribution. The ex-
planation for these flat regions is plausible:
The semi-classical rate equation at steady state of the
three-level atom microlaser involves the total number of
photons in the two modes (n+m) and reads:
R sin2
[
gτint
√
n+ 1 +m+ 1
]
= γ [n+m] . (11)
Stable solutions of (11), which correspond to the black
intersection points in Fig. 4, specify steady state values
for (n+m). Since each value of the solutions for (n+m)
can be formed by different combinations of n and m and
all these combinations are equally probable, it follows
that the probability distribution Pα (n) has a flat prob-
ability regions corresponding to all the different combi-
nations of n and m. These flat regions are higher for
lower n and steps down for larger values of n in a stair-
case pattern since for every possible solution for (n+m)
the possible values of n and m start from zero, while the
high values of n and m are accessible only for large values
of the solutions of (n+m).
It is remarkable that these flat probability sections are
a distinctive property of two-mode or higher microlasers.
They are responsible for a wider probability distribution
than the poissonian distribution, i.e., super-poissonian
distribution. In the more general case, when the coupling
constants between the atoms and the two modes are not
identical, g1 6= g2 , the semi-classical rate equation will
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FIG. 3: The photon number probability distribution Pα (n)
for mode 1, calculated for nb = 0.1,
R
γ
= 50, gτint = 0.8
(dashed), 0.9 (dotted), 1.0 (solid).
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FIG. 4: The dimensionless gain (solid) and loss (dashed)
parts of the semi-classical rate equation expressed as
sin2
[
gτint
√
n+ 1 +m+ 1
]
and γ/R [n+m] respectively for
gτint = 1andR/γ = 50.
be as follows,
R sin2
[
τint
√
g21 (m+ 1) + g
2
2 (n+ 1)
]
= γ [n+m] .
(12)
It is evident that in this case, which was not considered
in [14], no flat regions will appear in Pα (n) since we
have a single n and m that satisfy the equation. This
prediction will be confirmed shortly after applying the
quantum trajectory method to the microlaser problem.
A. Second-order correlation
The steady state of the microlaser, as implied above,
does not mean that the field inside the cavity of a certain
microlaser setup has a constant radiation intensity since
each atom will induce a change in the field, and the field
decay between two atoms induces further changes. In this
part, we examine the correlation between these fluctua-
tions in the cavity field, or more precisely, fluctuations in
the number of photons inside the cavity represented by
the second-order correlation function g(2)(τ). Measure-
ment of the correlation function of the cavity field may
provide direct evidence of the quantized nature of light
by detecting distinct correlation effects of the quantum
field such as photon anti-bunching [24]. The second-order
correlation function of the quantized field inside the cav-
ity, g(2)(τ), is proportional to the probability of finding
a pair of photons inside the cavity at steady state sepa-
rated by a time τ [12], regardless of what happens to the
photon number during this time interval, and is defined
as:
g2(τ) =
〈
a†(0)a†(τ)a(τ)a(0)
〉
ss
〈n〉2ss
. (13)
The correlation function of a micromaser cavity field
can be calculated analytically as shown by Quang [25]
by starting with a density matrix ρ˜(0), conditioned on
the act of detecting and annihilating a photon from the
cavity field:
ρ˜(0) =
aρssa
†
Tr [aρssa†]
,
where ρss is the steady state solution of the master equa-
tion. We evolve this conditional density matrix by the
micromaser master equation. The correlation function
at time τ will be proportional to the mean number of
photons inside the cavity at time τ as calculated by the
evolved conditional density matrix ρ˜(τ):
g(2)(τ) =
Tr
[
a†aρ˜(τ)
]
〈n〉 .
The quantum regression theorem has been used to derive
this method. To calculate the evolution of the conditional
density matrix ρ˜(τ), we solve the master equation by the
fourth order Runge Kutta Method. The other method of
calculating g(2)(τ) mimics what is done experimentally
and is based on calculating the correlation between the
times at which photons leak from the cavity [26]. We will
use the second method in the next section to calculate
g(2)(τ) numerically by the quantum trajectory method.
The equal-time correlation function g(2)(0), which can
easily be shown to satisfy [25]
g(2)(0) =
〈
n2
〉− 〈n〉
〈n〉2 , (14)
can be used as a measure of the variance of the photon
number σ defined by
σ =
〈
n2
〉− 〈n〉2
〈n〉 .
It follows that
g(2)(0) =
σ − 1
〈n〉 + 1
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FIG. 5: [Color Online] g(2)(0)(blue) and the normalized mean
photon number (gray) plotted versus gτint for a two-mode
microlaser (a) and a single-mode microlaser (b).
and hence when g(2)(0) is greater than 1, the photon
probability distribution will be wider than a poissonian
distribution (super-poissonian) and vice versa. When we
plot g(2)(0), calculated for any of the two modes, versus
the pumping parameter gτint, as shown in Fig. 5(a), we
notice that g(2)(0) is always higher than one except at the
photon trapping states [27] characterized by the severe
dips in g(2)(0) and the normalized mean number of pho-
tons 〈n〉 /Nex where 〈n〉 =
∑
n.Pα(n) and Nex = R/γ.
This means that photon number probability distribution
Pα (n) is super-poissonian for most of the range of gτint,
a consequence of the flatness of Pα (n) explained earlier.
This situation is not the same in the single mode micro-
laser due to the absence of this flatness. Fig. 5(b) de-
picts the same graph for the single mode microlaser where
the normalized mean number of photons and g(2)(0) are
plotted versus gτint. It is evident that the photon num-
ber distribution exihibits both sub-poissonian and super-
poissonian statistics in the single mode microlaser.
The rest of this section focusses on the correlation
function at the trapping states defined by the condi-
tion gτint
√
n+ 1 +m+ 1 = kpi for a certain (n+m). At
these states, the probability of finding numbers of pho-
tons larger than (n+m) will be identically zero since the
probability for each atom to emit a photon while inter-
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0.0
0.2
0.4
0.6
0.8
1.0
1.2
ΓΤ
gH
2L
HΤ
L
gΤint=2Π 3
gΤint=Π 3
gΤint=Π 6
gΤint=Π 5
FIG. 6: [Color Online] The second-order correlation function
g(2)(τ) corresponding to gτint =
pi√
3
(magenta), 2pi√
3
(gray),
pi√
5
(blue) and pi√
6
(yellow) calculated by QTM (dashed) and
compared with the analytical method described above (solid).
acting with a cavity field having m and n photons in the
first and second mode, respectively, is proportional to
sin2
[
gτint
√
n+ 1 +m+ 1
]
. Fig. 6 shows g(2)(τ) calcu-
lated for the one, three, and four photon trapping states,
compared with the numerical calculation by the quan-
tum trajectory method. Severe anti-bunching character-
ized by g(2)(τ) > g(2)(0) is noticed for the one-photon
trapping state.
The anti-bunching behavior of the one photon trapping
state can be understood in terms of the necessary time
required between detecting a photon outside the cavity
and re-pumping the cavity by an excited atom that de-
posits another photon inside it. This dead time between
detecting a photon and re-pumping the cavity is responsi-
ble for the photons anti-bunching. This situation is very
similar to the anti-bunching of the fluorescence radiation
emitted by a single atom where a dead time is unavoid-
able between the emission of a photon and re-exciting the
atom. According to the theory of resonance fluorescence
of a single atom, the expression of the second-order cor-
relation g(2)(τ) of the radiation scattered by a two-level
atom driven by a continuous laser field is given by [12, 15]
g(2)(τ) = 1−
(
cos(µτ) +
3γ
4µ
sin(µτ)
)
e−
3Γ
4 τ ,
where Γ is the spectral linewidth of the atom, or alter-
natively, its spontaneous decay rate and µ is defined in
terms of Γ and the Rabi frequency ΩR by µ =
√
Ω2R − Γ
2
16 .
The analogy between the two-level atom and the one-
photon trapping state is clear. The cavity plays the role
of a two-level system where the two levels are either a
photon stored in the cavity or not stored in the cavity.
However, the two systems differ in the method of pump-
ing. While the atom undergoes Rabi oscillation by the
continuous driving laser field, the cavity is pumped by
a stream of atoms arriving at random times and sepa-
rated by relatively large intervals. Perhaps this differ-
ence is the reason for not having the oscillatory behavior
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FIG. 7: The second-order correlation function (dashed)
g(2)(τ) for the one photon trapping state (gτint =
pi√
3
) fit-
ted with the analytical function f(τ) (solid).
in the correlation function of the cavity field. We tried
to fit g(2)(τ) for this particular case with an analytical
function and found that the function f(τ) = 1 − e−ητ
, where η = R sin2
[
gτint
√
2
]
+ γ, fits excellently with
g(2)(τ) as shown in Fig. 7. We found that the corre-
lation function for the total number of photons (in the
two modes) exhibits the same behavior and can be fitted
with the same function. This behavior is not only perti-
nent to the two-mode microlaser, but also appears in the
single-mode microlaser operating in its one photon trap-
ping state characterized by sin2
[
gτint
√
2
]
= 0. We found
again that its correlation function fitted excellently with
the analytical function
f(τ) = 1− e−ητ , (15)
where η = R sin2
[
gτint
√
1
]
+ γ. A derivation of this
relation is given in Appendix B.
III. APPLYING THE QUANTUM
TRAJECTORY METHOD TO SOLVE THE
THREE-LEVEL ATOM MICROLASER
A numerical method, basically a Monte Carlo simu-
lation, applied to quantum systems to solve dissipative
master equations was developed by three groups at
approximately the same time in the early nineties [9–12].
In this method, called quantum trajectory method
(QTM), the observables of the system are obtained by
averaging over many possible histories of the evolution
of the system density matrix as a function of time.
Each of these histories is called a trajectory, and its
evolution is of a stochastic nature. Due to the statistical
nature of quantum mechanics, taking the average over
a large number of trajectories is equivalent to solving
the master equation for this system. This concept
is the essence of the quantum trajectory method. A
certain trajectory can describe the stochastic evolution
of the wavefunction or the density matrix of the open
quantum system subjected to random quantum jumps
representing its interaction with the reservoir. This
method has a numerical advantage by reducing the com-
putational power required to solve the master equation
considerably, especially when the system consists of
many degrees of freedom [10]. Another advantage of the
quantum trajectory method is the high level of control it
allows over the parameters of the system. Including the
variation of the atoms’ speeds in the analytical solution
of the master equation is a difficult task. However, in
our numerical simulation we use the latter advantage to
let each atom in any trajectory have a different velocity
according to the velocity probability distribution in
order to simulate what happens in reality. Instead
of evolving the density matrix in each trajectory, we
will evolve wavefunctions representing the state of the
cavity field. The simplest wavefunction one can use
to represent the quantized electromagnetic field is the
number state [11]. For this reason, and generalizing the
quantum trajectory algorithm applied to the single mode
micromaser developed by Pickles and Cresser in [11],
we evolve two number states |m〉 , |n〉, simultaneously
representing the deterministic number of photons in
the two modes. In the most general case, where the
two-mode micromaser cavity is maintained at a very low
temperature, we can infer seven different events that
may occur to the number state |m,n〉 with the following
probabilities:
1- An atom emits a photon in the first
mode, |m,n〉 → |m+ 1, n〉, with probability
1
AR (m+ 1) g
2
1 sin
2 [λ(m,n)τint]/λ
2(m,n).
2- An atom emits a photon in the second
mode, |m,n〉 → |m,n+ 1〉, with probability
1
AR (n+ 1) g
2
2 sin
2 [λ(m,n)τint]/λ
2(m,n).
3- A photon from the first mode leaks out from the cav-
ity, |m,n〉 → |m− 1, n〉, with probability 1Aγ1(nb1 +1)m.
4- A photon from the second mode leaks out from
the cavity, |m,n〉 → |m,n− 1〉, with probability
1
Aγ2(nb2 + 1)n.
5- A photon from the cavity walls is transferred to the
cavity field of the first mode, |m,n〉 → |m+ 1, n〉, with
probability 1Aγ1nb1 (m+ 1).
6- A photon from the cavity walls is transferred to the
cavity field of the second mode, |m,n〉 → |m,n+ 1〉,
with probability 1Aγ2nb2 (n+ 1).
7- An atom passes through the cavity without emit-
ting any photons, |m,n〉 → |m,n〉, with probability
1
AR cos
2 [λ(m,n)τint] , where
A = R+ γ1 [(nb1 + 1)m+ nb1(m+ 1)] + γ2 [(nb2 + 1)n+ nb2(n+ 1)] .
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FIG. 8: The photon number probability distribution Pα (n)
for mode 1 calculated numerically by QTM using 50000 tra-
jectories and compared to the analytical solution for R/γ =
200 and gτint = 0.3.
The values of these probabilities can be derived by writ-
ing the master equation in the Lindblad form [11]:
ρ˙ = − i
h¯
[
Hˆ, ρ
]
+
∑
m
[
CˆmρCˆ
†
m −
1
2
(
CˆmCˆ
†
mρ+ ρCˆ
†
mCˆm
)]
,
(16)
where Cˆm represents the jump operator representing
event (m). The probability of event (m) at time (t1)
is calculated by:
p(m) =
〈ψ(t1)| Cˆ†mCˆm |ψ(t1)〉∑
m
〈ψ(t1)| Cˆ†mCˆm |ψ(t1)〉
(17)
and the probability distribution function of the waiting
times, τ , between two successive jumps is given by:
p(τ) = e
−
t+τ∫
t
∑
m
〈ψ(t)|Cˆ†mCˆm|ψ(t)〉dt
.
For our system p(τ) becomes:
p(τ) = e−Aτ .
The choice of number states as the propagated wavefunc-
tions has the advantage that the effective Hamiltonian
controlling the evolution of the wavefunction between
jumps keeps the number states unchanged [11]. For more
on the quantum trajectory method, see [9, 10, 12].
After generating many trajectories, we determine the
diagonal elements of the density matrix by making a his-
togram over the final states |m,n〉 of each trajectory. In
Fig. 8, we show that the photon number probability dis-
tribution calculated by the quantum trajectory method
for a microlaser operating at R/γ = 200, gτint = 0.3
shows an acceptable accuracy as compared to the ana-
lytical solution (9).
The accuracy becomes even better for lower values of
R/γ. Fig. 9 shows the mean number of photons in one
mode versus gτint obtained numerically and analytically.
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FIG. 9: The mean number of photons in mode 1 calcu-
lated numerically (solid) and compared to the analytical so-
lution (dashed) for a micromaser operating at R/γ = 50 and
nb=0.1. The number of trajectories in the numerical simula-
tion is 10000 trajectories.
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FIG. 10: The photon number probability distribution cal-
culated numerically for g1τint = g2τint = 0.8 (solid) and
g1τint = 0.8, g2τint = 0.5 (dashed). The microlaser is op-
erated at R/γ = 100.
We used QTM to confirm that a microlaser operating
in the non-symmetric mode, where the detailed balance
condition does not apply (i.e., when transition frequen-
cies between any two levels are not necessarily the same
in both directions), does reach steady state by check-
ing that the average density matrix calculated by QTM
reaches a steady state. We show the evolution of P (n,m)
as it evolves from the vacuum state to the steady state
for a microlaser operated in the non-symmetric mode at
g1τint = 9 and g1τint = 5 in the movie included in the
online supplementary material section.
In Fig. 10 we see clearly that the flat regions disap-
pear in the non-symmetric operation of the microlaser as
predicted earlier. It turns out that this flatness in Pα (n)
is very sensitive to the difference between the coupling
constants of the two modes as shown in Fig. 11.
To calculate the second-order correlation function us-
ing the quantum trajectory method, we use a numeri-
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FIG. 11: The photon number probability distribution cal-
culated numerically for g1τint = g2τint = 0.8 (solid) and
g1τint = 0.8, g2τint = 0.79 (dashed). The microlaser is oper-
ated at R/γ = 100.
cal method imitating the experimental method applied
by Feld et al. [6, 26]. In this experimental method,
the coherence function of the microlaser is obtained by
calculating the correlation between the times when pho-
tons are emitted out from the cavity and detected by the
photo-detector. Numerically, we have full details about
each trajectory including the times at which photons leak
from the cavity. Therefore, g(2)(τ) is calculated by com-
puting the correlation between these times in each trajec-
tory and taking the average over all the trajectories. We
have already shown in Fig. 6 the numerical calculation
of g(2)(τ) compared with the analytical calculation for
the trapping states where g(2)(τ) exhibits anti-bunching
behavior. Fig. 12 shows the correlation function for two
values of gτint where the cavity field exhibits bunching
behavior. In Fig. 13, we illustrate an interesting feature
of g(2)(τ) where the correlation function exhibits a tran-
sient anti-bunching behavior before it decays monotoni-
cally to one. We should, however, point out the inability
of this numerical method to predict accurately the values
of correlation function at very short times as evident in
Fig. 6 and 13.
IV. EFFECT OF ATOMIC VELOCITY
DISTRIBUTION ON THE STATISTICAL
PROPERTIES OF THE MICROLASER
As we mentioned briefly in the introduction, atomic ve-
locity selectors are not perfect, and eventually the atoms
passing through the microlaser cavity will have some ve-
locity distribution. In this section, we illustrate the ef-
fect of this velocity spread of the atoms on the statistical
properties of the field of one mode inside the microlaser
cavity. It might be expected that the velocity spread of
the atoms would destroy the flat probability regions high-
lighted in the previous sections, but a quick look at Fig.
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FIG. 12: [Color Online] The second-order correlation func-
tion g(2)(τ) calculated for nb = 0,
R
γ
= 10, gτint = 0.12
(blue) and 0.5 (orange) numerically (dashed) and analytically
(solid).
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FIG. 13: [Color Online] The second-order correlation func-
tion g(2)(τ) calculated for nb = 0,
R
γ
= 10, gτint = 1 (blue), 2
(yellow) and 3 (brown) numerically (dashed) and analytically
(solid).
3 tells us that this expectation is not correct. In fact, the
inclusion of a variety of interaction times will average the
flat regions in the probability distribution corresponding
to each value of τint, and we end up with a persistent
flat probability distribution whose width and height is a
function of the relative atomic velocity spread as shown
in Fig. 14. In this figure, we show that a relative ve-
locity spread of 20% maintains the flat regions in Pα (n)
and consequently the super-poissonian character of the
distribution.
A vacuum trapping state is a special trapping state
where the cavity field is trapped at the vacuum state and
occurs when the condition gτint
√
1 + 1 = npi is satisfied.
This state, like other trapping states, is characterized by
a sharp dip in the plot of the mean number of photons.
It is evident that the randomness in the interaction time
τint will destroy this condition and remove the resonances
from the microlaser behavior. We illustrate this behav-
ior in Fig. 15 where the mean number of photons in a
vacuum trapping state is plotted for relative velocity dis-
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FIG. 14: The photon number probability distribution calcu-
lated numerically for the case of pumping the microlaser with
a mono-velcoity atomic beam (solid) and an atomic beam hav-
ing relative velocity spread of 20% (dotted). The microlaser
is operated at gτint=0.8 and r/γ = 50.
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FIG. 15: [Color Online] The mean number of photons at
a trapping state for different relative velocity spreads for a
microlaser operating at R/γ = 10.
tribution widths of .02%, .1%, 0.2%, 1% and 2%. It is
notable that the vacuum trapping state is very sensitive
to the velocity distribution width.
We noticed the existence of sharp peaks in the mean
number of photons plotted versus gτint in Fig. 9. These
peaks occur at the transitions between different station-
ary solutions of the semi-classical rate equation [13], and
we expect them to be induced by the fluctuations in-
volved in the quantum system. We noticed, however,
that including the spread in the atoms’ velocities and
hence increasing the randomness in the interaction times
destroys these transitions starting from the transitions at
large values of gτint, which are very sensitive to the veloc-
ity broadening. This behavior is shown in Fig. 16 where
the mean number of photons is plotted versus gτint for
a velocity distribution of width 60%. We conclude from
this observation that the system becomes more classi-
cal as more velocity fluctuations are introduced [13] and
that noise in the pumping parameter destroys phase tran-
sitions in the micromaser [28]. We can understand the
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FIG. 16: The mean number of photons of the two-mode
microlaser when relative velocity spreads of 60% is included.
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FIG. 17: [Color Online] The mean number of photons plotted
versus the coupling constant g for different values of the inter-
action times to illustrate how a distribution of the interaction
times (or equivalently atomic velocities) affect the microlaser
phase transitions. τ0 is an arbitrary value of the interaction
time and is equal to 1 s. The figure is for illustration and the
values of g and τ0 are not realistic.
immunity of the first transition to the velocity distribu-
tion and the fragility of the transitions at higher values of
gτint by plotting the mean number of photons versus g for
different values of the interaction times τint. By taking
the average of the different plots in Fig. 17, which cor-
respond to a relative velocity spread of 40%, we see the
reason that the first phase transition is not much affected
while the higher transitions are easily destroyed.
A. Effect of velocity spread on the correlation
function
We have seen in the theory of the three-level two-mode
microlaser that the photon statistics of the cavity field
exhibits super-poissonian behavior for most of the range
of the pumping parameter except at some of the trap-
ping states, where the field is anti-bunched. We are
going to show the effect of the velocity spread on the
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second-order correlation function when there is a trap-
ping state and when there is no trapping state. Two
regions are distinguished from Fig. 5(a): the first is the
smooth region where g(2)(0) < 2; and the second one is
the sharp peaks of g(2)(0) at the vacuum trapping states
where gτint is a multiple of pi/
√
2. For the first case, we
observed that the correlation is immune to the atomic
velocity spread and even a very broad velocity distribu-
tion does not reduce the field correlation substantially as
shown in Fig. 18(a). In this figure, the correlation due
to mono-velocity atomic beam for a microlaser operat-
ing at gτint = 0.6 and R/γ = 10 is compared with the
same microlaser pumped by an atomic beam having a
spread of ∆vvo = 20%, 50% and 100%. While increasing
the velocity spread changes the average velocity for the
atoms and hence drifts the operating point of the micro-
laser slightly, what we want to emphasize in Fig. 18(a) is
that the correlation is not affected much by the velocity
spread.
Finite correlation for practical atomic beams of rela-
tive velocity spreads up to 45% has indeed been mea-
sured for the single-mode microlaser [3]. For the sec-
ond case in the vicinity of the trapping states, g(2)(0) is
peaked because the number of photons inside the cavity
is very small. The correlation function at these regions
is strongly bunched, which means that whenever a few
number of photons happen to exist inside the cavity, they
will tend to leave the cavity together as a bunch of pho-
tons. In the extreme case of the vacuum trapping state,
the correlation function diverges since the cavity has no
photons. We noticed that when operating the cavity near
a vacuum trapping state where g(2)(0) is very large, the
correlation is very sensitive to the velocity spread of the
atoms and collapses very quickly until some residual cor-
relation persists around a relative velocity spread of 1%.
In Fig. 18(b) we show the second-order correlation func-
tion of the cavity field g(2)(τ) for a microlaser operating
close to this state (gτint = 1.994pi/
√
2). In this figure,
g(2)(τ) of a mono-velocity beam is shown in addition
to velocity spreads ∆vvo of 0.02%, 0.03%, 0.04%, 0.06%,
0.08%, 0.1%, 0.2% and 1%. The reason for the fragility
of the correlation function near a vacuum trapping state
is that the smallest distribution in the interaction times
destroys the vacuum trapping state as we saw in Fig. 15
and will introduce a small number of photons inside the
cavity. These photons will cause the residual correlation
mentioned above. Increasing the relative velocity spread
beyond 1% does not affect this residual correlation con-
siderably as in the first case (non-trapping states) where
the correlation is very immune to the atomic velocity
spread.
On the other hand, when we investigated the effect
of the atomic velocity spread on the correlation function
for an operating point exhibiting anti-bunching, i.e., the
one-photon trapping state, we found an interesting phe-
nomenon. Adding more fluctuations in the atoms’ ve-
locities produces a peak in the correlation function near
τ = 0, and the field gradually shows more correlation up
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(a) The microlaser is operated far from a trapping state,
gτint = 0.6. Relative velocity spread
∆v
vo
= 0%, 20% , 50% and
100%.
(b) The microlaser is operated near a vacuum trapping state,
gτint = 1.994pi/
√
2. Relative velocity spreads ∆v
vo
= 0.02%,
0.03%, 0.04%, 0.06%, 0.08%, 0.1%, 0.2%, 1% from above to
below respectively.
FIG. 18: The second-order correlation function for different
velocity spreads.
to a relative velocity spread of ∆vvo = 0.2% as shown in
Fig. 19(a). The explanation for this weird behavior of
noise-induced correlation is as follows: when the veloc-
ity spread is slightly increased starting from the mono-
velocity case, there will be a very small probability of
finding numbers of photons inside the cavity higher than
one photon, i.e., a bunch of photons. Although the prob-
ability is very small compared to the probability of find-
ing one photon or zero photon, its effect is overwhelming,
and eventually the correlation function is dominated by
these rare bunches of photons that can exist inside the
cavity.
We can explain the effect of the atomic velocity spread
on the value of g(2)(0) quantitatively (see equation (14))
as follows:
For the one photon trapping state, we have
P (0), P (1) 6= 0 and P (n) = 0 for n > 1 and hence〈
n2
〉
= 〈n〉 = P (1), making g(2)(0) = 0. For the slight-
est velocity distribution, the trapping state will be de-
stroyed and P (n) will no longer be 0 for n>1, which
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makes g(2)(0) > 0 as we see from Fig. 19(a). We can
illustrate this behavior by a numerical example, for the
case of a relative velocity spread of .01%. We find in this
case from the QTM simulation that P (n) > 0 for n ≤ 7
and 〈n〉 = 0.3918 and 〈n2〉 = 0.4264. These values yield
an initial value of the correlation function g(2)(0) to be
0.2254. It turns out that the wider the velocity distri-
bution, the higher the value of g(2)(0) till ∆v/v reaches
0.2%. When we increase the relative velocity spread be-
yond 0.2%, the correlation is lost gradually due to the
huge randomness in the interaction times between the
atoms and the cavity, until a residual correlation per-
sists starting from a relative velocity spread of 20%. Fig.
19(b) demonstrates this behavior where we notice that
correlation and hence the bunching of the cavity pho-
tons decreases gradually for relative velocity spreads of
0.2%, 0.6%, 1%, 2% and 20%. As for the effect of veloc-
ity distribution on the correlation function of the total
number of photons in the cavity (i.e., in the two modes
combined), we observe, as shown in Fig. 20, a behavior
similar to the single mode correlation function described
above for a velocity spread of 0.4%, and gτint =
pi√
3
and
2pi√
3
.
V. CONCLUSION
We have applied the quantum trajectory method to
the two-mode microlaser operating on Λ-type three level
atoms. We verified that the two-mode microlaser does
reach steady state when the coupling between the atom
and the two modes is not symmetric, the case where the
detailed balance condition is not guaranteed. As for the
symmetric operation of the microlaser, we explained the
flat probability regions in the photon number probabil-
ity distribution of any of the two modes and emphasized
the fact that the existence of two modes equally coupled
to the atoms gives rise to these flat regions. The super-
poissonian distribution of the photon statistics of any of
the two modes is a direct consequence of these flat re-
gions and causes the photon correlation to be bunched
for most of the range of the operating parameters of
the microlaser, a distinct property that distinguishes the
two-mode microlaser from the single mode microlaser.
We introduced the analogy between the cavity field of
the one-photon trapping state and the resonance fluo-
rescence radiation scattered from a two-level atom. The
correlation function of this state was fitted to a very sim-
ple formula for which we give an analytical derivation in
the Appendix. Experimental measurement of this anti-
bunching is considered a direct verification of the quan-
tized nature of the field. We investigated the effect of
the atomic velocity spread on the statistical properties
of the cavity field by the quantum trajectory method.
We found that the trapping states are very sensitive to
the velocity spread of the atoms. The phase transitions
in the microlaser behavior are also destroyed by the ve-
(a) The relative velocity spreads are ∆v/v0 = 0.01%, 0.03%,
0.05%, 0.07%, 0.1%, and 0.2% from below to above
respectively.
(b) The relative velocity spreads are ∆v/v0 = 0.2%, 0.6%, 1%,
2% and 20% from above to below respectively.
FIG. 19: The second-order correlation function for a one-
photon trapping state of a microlaser operated at gτint =
pi/
√
3, R = 10.
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FIG. 20: [Color Online] The second-order correlation function
for the total number of photons for the one-photon trapping
states gτint = pi/
√
3 (red) and 2pi/
√
3 (blue) and relative ve-
locity spreads ∆v/v0 = 0% (thick) and 0.4% (thin).
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locity distribution of the atoms starting from the tran-
sitions at higher values of the pumping parameter. The
second-order correlation is in general immune to the ve-
locity spread of the atoms. For the special case when the
microlaser is operating near a vacuum trapping state, the
intensity correlation of the cavity field is easily destroyed
by a relative velocity spread as low as 0.2 %. Increas-
ing the velocity spread further does not affect the low
residual correlation that survives the velocity spread of
the atoms. When the cavity field of the mono-velocity
atomic beam microlaser exhibits anti-bunching, adding
randomness to the atomic velocities counter-intuitively
increases the amount of correlation. This noise-induced
correlation stops at velocity spreads of about 0.2 %. In-
creasing the velocity spread further destroys the corre-
lation gradually until a residual correlation persists for
relative velocity spreads of 20% and higher. These re-
sults should be useful to experimentalists interested in
measuring the cavity field correlation function for real
systems.
As a further investigation, we propose developing
a quantum trajectory method from the Fokker-Planck
equation of the microlaser [13] and evolving coherent
states of radiation instead of number states, as the coher-
ent states are the closest states to the classical radiation
field.
Appendix A
In what follows we are going to derive equation (5)
in the text. We include the effect of spontaneous emis-
sion in the derivation and show that under the conditions
of strong coupling, compared to the spontaneous decay
rate, and small interaction time compared to the lifetime
of the excited state, the effect of spontaneous emission
can be neglected. For simplicity, in this derivation we
ignore the effect of the cavity damping during the inter-
action time because it is negligible when the interaction
time is very small compared to the cavity damping time
[16]. To obtain the form of F (τ), we start by writing the
interaction Hamiltonian of the atom-field system assum-
ing that the transition between the two ground levels is
forbidden:
Hint = h¯g1
(
a†1σ1 + a1σ
†
1
)
+ h¯g2
(
a†2σ2 + a2σ
†
2
)
, (A1)
where g1 and g2 are the coupling strengths between the
cavity field modes and the atomic dipoles of the two tran-
sitions, and σ1, σ2 are the atomic raising and lowering
operators. It has to be emphasized here that g1 and
g2 are in general complex quantities and the Hamilto-
nian should be written as: Hint = h¯
(
g1a
†
1σ1 + g
∗
1a1σ
†
1
)
+
h¯
(
g2a
†
2σ2 + g
∗
2a2σ
†
2
)
. However, since all quantities of in-
terest will depend on |g1|2 and |g2|2, we will treat g1 and
g2 as real positive quantities. The interaction Hamilto-
nian between the atom and the bath of free space modes
is given by a similar expression:
℘ = h¯
∑
k
g1k[a
†
kσ1e
i(ω1−νk)t +H.c] + h¯
∑
k
g2k[a
†
kσ2e
i(ω2−νk)t +H.c] (A2)
The Schrodinger’s equation in the interaction picture, governing the evolution of the atom-field wavefunction is
ih¯
∂ |ψ〉
∂t
= (Hint + ℘) |ψ〉 , (A3)
where |ψ(t)〉 is generally expressed as [29]:
|ψ(t)〉 =
∑
n,m
ca,n,m |a, n,m, 0k〉+ cb1,n+1,m |b1, n+ 1,m, 0k〉+ cb2,n,m+1 |b2, n,m+ 1, 0k〉+
∑
k
cb1,n,m,1k |b1, n,m, 1k〉+
∑
k
cb2,n,m,1k |b2, n,m, 1k〉 , (A4)
and n,m are the numbers of photons in mode 1 and
mode 2 respectively. The last two terms represent the
states corresponding to the occurence of a spontaneous
emission into each of the two ground states. Higher order
processes that involve exchange of photons between the
cavity modes and the free space modes mediated by the
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atom are neglected. At the beginning of the interaction,
the atom is in its excited state
|ψ(0)〉 =
∑
n,m
ca,n,m |a, n,m〉 (A5)
and hence
Pn,m(0) = |ca,n,m|2 . (A6)
Inserting |ψ(t)〉 into Schrodinger’s equation and apply-
ing the Weisskopf-Wigner theory of spontaneous emission
[15] we obtain:
c˙a,n,m = −ig1
√
n+ 1cb1,n+1,m − ig2
√
m+ 1cb2,n,m+1 −
1
2
Γaca,n,m, (A7)
ic˙b1,n,m = g1
√
nca,n−1,m, (A8)
ic˙b2,n,m = g2
√
mca,n,m−1, (A9)
where the Weisskopf-Wigner integration over the free
space modes has been performed and Γa is the sponta-
neous decay rate. By combining Eq. (A7, A8, A9) we
obtain:
c¨a,n,m = −
[
g21 (n+ 1) + g
2
2 (m+ 1)
]
ca,n,m − Γa
2
c˙a,n,m.
(A10)
By solving (A8, A9, A10) subjected to the initial con-
ditions cb1,n,m(0) = cb2,n,m(0) = 0 we get
ca,n,m(τint) = e
−Γa4 τintca,n,m(0)[cos(gn,mτint)− Γa
4gn,m
sin(gn,mτint)], (A11)
cb1,n,m(τint) = g1
√
n e−
Γa
4 τint
sin(gn−1,mτint)
gn−1,m
ca,n−1,m(0),
(A12)
cb2,n,m(τint) = g2
√
m e−
Γa
4 τint
sin(gn,m−1τint)
gn,m−1
ca,n,m−1(0),
(A13)
where
g2n,m = λ
2(n,m)−
(
Γa
4
)2
(A14)
and λ(n,m) is defined as
λ (n,m) =
√
g21 (n+ 1) + g
2
2 (m+ 1). (A15)
Probability conservation requires that
Pn,m(0) = |ca,n,m(0)|2 = |ca,n,m(τint)|2 + |cb1,n+1,m(τint)|2 + |cb2,n,m+1(τint)|2 +
∑
k
|cb1,n,m,1k(τint)|2 +
∑
k
|cb2,n,m,1k(τint)|2 (A16)
from which we can obtain the last two terms in the form
∑
k
|cb1,n,m,1k(τint)|2 +
∑
k
|cb2,n,m,1k(τint)|2 = Pn,m(0)(1− e−
Γa
2 τint [cos2(gn,mτint) +
Γa
4gn,m
2
sin2(gn,mτint)
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− Γa
4gn,m
sin(2gn,mτint)]− [g21(n+ 1) + g22(m+ 1)]e−
Γa
2 τint
sin2(gn,mτint)
gn,m
). (A17)
At the same time, we have
Pn,m(τint) = |ca,n,m(τint)|2 + |cb1,n,m(τint)|2 + |cb2,n,m(τint)|2 +
∑
k
|cb1,n,m,1k(τint)|2 +
∑
k
|cb2,n,m,1k(τint)|2 (A18)
which can be rewritten in terms of (A11, A12, A13) as
Pn,m(τint) = Pn,m(0)e
−Γa2 τint [cos2(gn,mτint) +
Γa
4gn,m
sin2(gn,mτint)− Γa
4gn,m
sin(2gn,mτint)]
+g21 n e
−Γa2 τint sin
2(gn−1,mτint)
gn−1,m
Pn−1,m(0) + g22 m e
−Γa2 τint sin
2(gn,m−1τint)
gn,m−1
Pn,m−1(0)
+
∑
k
|cb1,n,m,1k(τint)|2 +
∑
k
|cb2,n,m,1k(τint)|2 . (A19)
It can be shown by straight algebra that applying the two conditions: Γaτint << 1 and g1,2 > Γa into Eq.( A14,
A17, A19) will lead to
Pn,m(τint) = Pn,m(0)cos
2 [λ (n,m) τint] + g
2
1nPn−1,m(0)
sin2 [λ (n− 1,m) τint]
λ2 (n− 1,m)
+ g22mPn,m−1(0)
sin2 [λ (n,m− 1) τint]
λ2 (n,m− 1) (A20)
which is the same equation used in the text.
Appendix B
We are going to prove that for the one photon trapping
state, g(2)(τ) is exactly equal to f(τ) given in (15) for the
case of the two level single mode microlaser. Starting
from the definition of g(2)(τ) for a quantized field:
g(2)(τ) =
〈
a†(0)a†(τ)a(τ)a(0)
〉
〈n〉2 . (B1)
where τ = 0 represents the steady state. For the one pho-
ton trapping state only the states |0〉 , |1〉 are accessible
to the cavity field. We can then write
g(2)(τ) =
∑
n=0,1
〈n| a†(0)a†(τ)a(τ)a(0) |n〉
〈n〉2
=
∑
n=0,1
n. 〈n− 1| a†(τ)a(τ) |n− 1〉
〈n〉2
=
〈0| a†(τ)a(τ) |0〉
〈n〉2
=
〈0| nˆ(τ) |0〉
〈n〉2 , (B2)
where nˆ(τ) is the number operator a†(τ)a(τ). Let’s
calculate the evolution of the mean number of photons
n(t) in the Schrodinger’s picture, letting a†(0) = a† and
a(0) = a. Under the one-photon trapping state condi-
tion, we have only two possibilities: to find 0 or 1 photon
inside the cavity and hence
n(t) =
∑
n
n.pn(t) = p1(t), (B3)
since pn(t) = 0 for n 6= 0, 1. It can be shown from the
single mode microlaser master equation (see for example
[25]) that evolution of p1(t) is governed by:
p˙1(t) = p0(t)R sin
2
[
gτint
√
1
]
− γp1(t). (B4)
We should note that the
√
1 factor in (B4) that will be
dropped in the following becomes
√
2 in the two-mode
case. From (B4, B3), we deduce that the evolution of
the mean number of photons inside the cavity in the one
photon trapping state is governed by
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n˙(t) = p0(t)R sin
2 [gτint]− γn(t). (B5)
This equation is intuitive for the one-photon trapping
state and could have been written directly without re-
ferring to the master equation. The second term on the
right hand side represents the rate of photon loss from the
cavity while the first term represents the number of pho-
tons injected inside the cavity per unit time. At steady
state, p˙1(0) = 0 and hence
0 = {1− p1(0)}R sin2 [gτint]− γp1(0),
which leads to
〈n〉 = 〈n2〉 = p1(0) = R sin2 [gτint]
γ +R sin2 [gτint]
. (B6)
Since p1(t) + p0(t) = 1, we can write (B5) as:
n˙(t) = (1− n(t))R sin2 [gτint]− γn(t)
= R sin2 [gτint]−
(
R sin2 [gτint] + γ
)
n(t)
= A−Bn(t), (B7)
where
A = R sin2 [gτint] , B =
(
R sin2 [gτint] + γ
)
. (B8)
By integrating (B7) from 0→ τ we get
n(τ)∫
n(0)
dn
A−B.n =
τ∫
0
dt. (B9)
By solving for n(τ), we obtain:
n(τ) =
A
B
−
[
A
B
− n(0)
]
e−Bτ . (B10)
Back to the Heisenberg picture where the operators
vary in time, we have:
n(0) =
∑
n
〈n| nˆ(0) |n〉 , (B11)
n(τ) =
∑
n
〈n| nˆ(τ) |n〉 , (B12)
nˆ(0) =
∑
n
〈n| nˆ(0) |n〉 |n〉 〈n| = a†a, (B13)
and by assuming that nˆ(τ) is diagonal in the form:
nˆ(τ) =
∑
n
〈n| nˆ(τ) |n〉 |n〉 〈n| , (B14)
one may infer from (B10), (B11), (B12), (B13) and
(B14) that
nˆ(τ) =
A
B
−
[
A
B
− nˆ(0)
]
e−Bτ , (B15)
and hence the numerator of (B2) equals
〈0| nˆ(τ) |0〉 = A
B
−
[
A
B
− 0
]
e−Bτ =
A
B
(
1− e−Bτ) .
(B16)
From (B2), (B6), (B8) and (B16) we can write
g(2)(τ) =
(
1− e−Bτ) , (B17)
which is the same as equation (15). When this proof is
generalized to the two-mode case, B will be expressed as
B = R sin2
[
gτint
√
2
]
+ γ.
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